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Abstract
In the present work, the non-resonant Raman-active modes are calculated for several diameters,
chiralities and sizes for homogeneous and inhomogeneous bundles of single-walled carbon
nanotubes (BWCNTs), using the spectral moment’s method (SMM). Additional intense
Raman-active modes are present in the breathing-like modes (BLM) spectra of these systems in
comparison with a single fully symmetric A1g mode characteristic of isolated nanotubes
(SWCNTs). The dependence of the wavenumber of these modes in terms of diameters, lengths
and number of tubes was investigated. We found that, for a finite (in)homogeneous bundle,
additional breathing-like modes appear as a specific signature.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Since the discovery of carbon nanotubes in 1991 [1],
the attention of both experimentalists and theoreticians has
focused on their properties. In particular, single-walled
carbon nanotubes have currently been intensively investigated
worldwide for their intrinsic one-dimensional properties
and their promising applications. Among the techniques
extensively used to characterize these materials, Raman
scattering plays a preponderant role [2].

The Raman spectrum of SWCNT is dominated below
500 cm−1 by the radial breathing modes (RBM) and in the
high wavenumber region, between 1400 and 1600 cm−1,
by the tangential modes (TM). The assignment of the band
below 500 cm−1 was carried out using the results of force
constants of the lattice dynamics of isolated nanotubes [3, 4],
tight-binding [5–7] and ab initio [8–10] calculations for the
zone-center phonons, and a bond-polarizability model [4]
for the Raman intensity. Raman studies have shown that
the radial breathing mode in the low wavenumber region
shows a straightforward dependence on the diameter of the

3 Author to whom any correspondence should be addressed.

SWCNT that can be used to determine the distribution of
tube diameters [4, 11]. The TM shape depends strongly on
whether the tube is metallic or semiconducting [12–14]. In the
intermediate wavenumber range, 600–1400 cm−1, the intensity
of the Raman spectrum is weak and several peaks were
observed. After a period of controversy [15–18], substantial
progress was made in the interpretation of the Raman activity
in this range by considering both the nanotube electronic
structure and a double resonance process [19–21].

Isolated single-wall carbon nanotubes can be grown on a
Si/SiO2 substrate containing catalytic iron nanoparticles [22],
using a CVD method [23]. In production methods of
bundled SWCNTs [24], the direct comparison between theory
and experiment is difficult because of the wide range of
diameters and chiralities usually present in the samples. The
resonance Raman intensity for a defined nanotube has a
strong diameter and chirality dependence. By changing the
laser excitation energies, one can determine the population
of specific nanotubes in the sample [21]. The analysis of
Raman data recorded using theoretical models based on infinite
tubes has been frequently applied as a tool to analyze the
SWCNT mean diameter and diameter distribution in both
bulk and nanoscopic samples. The exact strength of the
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intertube interaction within a bundle was the subject of several
studies [2, 6, 9, 25–27]. From these studies, this intertube
interaction induced an upshift of the RBM of about 8–
16 cm−1 which is determined by the competition between
the intertube and intratube interactions. A second mode with
predominant breathing-like character is also reported in the
BM region [25, 27]. However, one has to be aware that the
finite length and number of tubes forming a bundle as well
as inhomogeneity effects have to be included in the detailed
analysis.

In a previous paper [28], by using the spectral moment’s
method (SMM) in the framework of the bond-polarization
theory, we have calculated the polarized Raman spectra of
chiral and achiral SWCNTs as a function of their diameter
and length. An investigation of finite-size effects was extended
to large finite lengths up to 85 nm as well as to achiral and
chiral tubes of several diameters. The dependence of tangential
modes on chirality and the dependence of the Raman spectrum
on the tube length was clearly observed.

In this work, we study the Raman spectra of single-wall
carbon nanotube bundles in the framework of polarizability
theory. Their dependence on the diameters, lengths, chiralities
and the number of (identical or different) tubes in the bundle is
investigated. It is obvious that the Raman intensity calculated
by this non-resonant method cannot match the experimental
spectra, which display a strong resonant character in carbon
nanotubes. Nevertheless, the SMM predictions concerning the
number and frequencies of Raman-active lines as a function of
diameter, length and chirality do not depend on the resonant
process of Raman scattering. As a consequence, the SMM
predictions can help to interpret the frequencies of the Raman-
active modes.

2. Models and method

Let us recall that the ideal nanotube structure can be obtained
from a graphene sheet by rolling it up along the straight
line connecting two lattice points into a seamless cylinder in
such a way that the two points coincide [4]. Following the
usual terminology of [3], the tube can be specified by integers
(n, m) that define the translation vector between the two points.
Alternatively, the tube can be described by its diameter D
and the chiral angle θ , which is the angle between the tube
circumference and the nearest zigzag of carbon–carbon bonds.
The tube is called achiral for θ = 0◦ (zigzag type) and θ = 30◦
(armchair type), and chiral for 0◦ < θ < 30◦. The diameter D
of a single-wall carbon nanotube is given by

D = a
√

3m2 + nm + n2/π, (1)

with a = 1.42 Å.
When SWCNTs are closely packed together, a three-

dimensional carbon bundle is formed. From the diffraction
profile of the crystalline ropes of SWCNTs, it has been
previously reported that these systems can be represented
by two-dimensional infinite trigonal lattices of uniform
cylinders [29]. For a finite-size bundle, the nanotubes were
placed parallel to one another on a finite-size trigonal array

of cell parameter a0 = D + dt−t, where dt−t represents
the intertube spacing. The intertube interaction energy is
minimized with respect to the intertube separation and the
angle of simultaneous rotation of all tubes about their axes.
The optimized intertube separations, dt−t, are roughly equal
to 0.32 nm. This value, slightly smaller than the inter-
graphene sheets’ distance in graphite, is in agreement with
calculations [25, 30] and experiments [31]. The number of
tubes per bundle is called Nt.

In the present work, we calculate the polarized Raman
spectra for finite and infinite bundles. The C–C intratube
interactions are described by using the same force constant set
as used in our calculations of the Raman spectra of isolated
SWCNTs [28] and formally introduced by Saito [11]. A
Lennard-Jones potential:

ULJ = 4ε[(σ/R)12 − (σ/R)6], (2)

is used to describe the van der Waals intertube interactions
between the tubes in a bundle, with parameters ε = 2.964 meV
and σ = 0.3407 nm [28, 32]. These values have recently been
found to describe correctly the van der Waals contribution to
the C60 bulk cohesive energy [33, 34].

In the SWCNTs’ Raman study, we use the non-resonant
bond-polarizability model [35] to describe the coupling
between vibrational modes and photons. By the way SWCNTs
bundle, we neglect the van der Waals intertube interaction
effects on the bond-polarizability model parameters.

A usual method to calculate the Raman spectrum
requires, besides the polarization parameters, the eigenvalues
and the eigenvectors which can be obtained by direct
diagonalization of the dynamical matrix of the system.
However, when the system contains a large number of atoms,
as for long finite SWCNT bundles, the dynamical matrix
is very large and its diagonalization fails or requires long
computing time. In contrast, the spectral moment’s method
allows us to compute directly the Raman spectrum of very
large harmonic systems without any diagonalization of the
dynamical matrix [28, 36, 37]. Otherwise, for small samples,
both approaches lead exactly to the same position and intensity
for the different peaks. The spectral moment’s method consists
of developing the resolvent R(z) of the response of the system,
J (u), which can be written as (z = u + iε) [36]

J (u) = − 1

π
lim

ε→0+
Im[R(z)], (3)

in a continued fraction:

R(z) = b0

z − a1 − b1

z−a2− b2

z−a3− b3···

, (4)

where the coefficients an and bn are given by

an+1 = ν̄n

νn
; bn = νn

νn−1
. (5)

The spectral generalized moments νn and ν̄n of J (u) are
directly obtained from the dynamical matrix D̃. As shown
in our earlier works [28, 36, 37], a sharp truncation of the
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Figure 1. The Z Z calculated Raman spectra of (n, n) SWCNT crystals for n = 9, 12, 15, 18 and 21 from bottom to top. The stars give the
position of the RBM of isolated tubes.

continued fraction leads to the appearance of sharp lines in
the calculated low-frequency spectrum. On the other hand, the
calculations of Raman and infrared spectra show that a limited
number of moments are sufficient to obtain the frequency of
active modes with a good accuracy. In this work 500 moments
have been used.

3. Results and discussion

Using the spectral moment’s method, the Raman-active-mode
wavenumbers are directly obtained from the position of the
peaks in the calculated Raman spectra. The lineshape of each
peak is assumed to be Lorentzian and the linewidth is fixed at
1.7 cm−1. The intensity of the Raman spectrum is normalized
with respect to the number of carbon atoms in the sample under
consideration. In all our calculations, the nanotube axis is
along the Z axis and a carbon atom is along the X axis of the
nanotube reference frame. The laser beam is kept along the y
axis of the reference frame. We consider that both incident
and scattered polarizations are along the z axis to calculate
the polarized Z Z spectra. More than 50 000 atoms in carbon
nanotubes were treated.

3.1. Infinite homogeneous bundles of identical infinite
SWCNTs (BWCNTs)

Firstly, the calculations are performed on infinitely homoge-
neous bundles (crystal: Nt = ∞) of SWCNTs of several diam-
eters. We recall that infinite SWCNTs are obtained by applying
periodic conditions on unit cells of the studied nanotubes. The
results for typical armchair tubes (9, 9), (12, 12), (15, 15), (18,
18) and (21, 21) are reported in figure 1, where the Z Z Raman
spectra are displayed in the low wavenumber or breathing-like
mode (BLM: on the left) region and in the high wavenumber
or tangential-like mode (TLM: on the right) region.

In the TLM region, all spectra display the peaks
corresponding to A1g modes. Shifts for A1g modes are
observed when the tube diameter increases. In the BLM
region, the Z Z spectra exhibit two peaks denoted here as
RBLM (for radial breathing-like mode) and BBLM (for bundle
breathing-like mode). The RBLM and BBLM modes arise
from radial breathing and doubly degenerate (E symmetry)
modes in SWCNTs. These two modes (denoted BM(1) and
BM(2) in [25, 27]) are full symmetric modes with breathing-
like shapes (figure 5 in [25]). The comparison between the
Raman spectra of the SWCNTs and BWCNTs shows the
appearance of a second mode (BBLM) at a wavenumber higher
than that of the RBLM one. For all modes, we observe a
downshift with increasing tube diameter. One can see that, for
small nanotube diameters, only the RBLM has an important
intensity and this mode is associated with a nearly pure
breathing-like eigenvector. For a diameter larger than 1.4 nm,
the intertube interactions affect the RBLM mode patterns
and the eigenvector of this mode shows a clear hexagonal
deformation. As a consequence, the upshift of RBLM becomes
less important in comparison with relatively rigid tube modes.
For D > 2.0 nm, the RBLM mode has a wavenumber lower
than the RBM wavenumber of SWCNTs. At the same time,
the intertube interactions largely dominate over the intratube
ones and the higher wavenumber mode BBLM becomes more
and more intense. The frequency and the vibration pattern of
these modes are determined by the competitions between the
intertube and intratube interactions. In [25, 27], beside the
prediction of a second mode of breathing character (BM(2)),
the authors show that the frequency of BM(1) has an upward
shift of 15 cm−1 for small diameter, diminishes to zero for a
diameter close to 2 nm and has a downward shift for larger
diameter. These results are well reproduced in this SMM study.

To illustrate the BLM wavenumber dependence on
nanotube diameter, we have reported in figure 2, on a log–log
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Table 1. A/Dα law for SWCNT and BWCNT wavenumber modes: A(cm−1 nm).

Es
1g Es

2g As
1g Eb

1g Eb
2g

RBLM
D < Dc D > Dc

BBLM
D < Dc D > Dc

A 158.5 496.9 224.4 163.8 490.8 244.9 285.0 380.6 308.2
α 1.00 1.00 1.00 0.78 0.92 0.98 1.31 1.23 0.79

0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.52.75 3
50

75

100

250

500

750

1000

Figure 2. Diameter dependence, in log–log scale, of the
Raman-active modes wavenumbers for SWCNT crystals: Es

1g(×),
As

1g (�) and Es
2g(+) for SWCNTs and Eb

1g(�), RBLM (♦), Eb
2g(�)

and BBLM (◦) for BWCNTs.

scale, the wavenumber of Es
1g(×), As

1g(�) and Es
2g(+) modes

for isolated SWCNTs and Eb
1g(�), RBLM (♦), Eb

2g(�) and
BBLM (◦) for bundles of SWCNTs versus nanotube diameter
D. From table 1 and for isolated SWCNTs, we show that
the wavenumber modes obey the A/Dα law, with α close to
1 and A = 158.5, 496.9 and 224.4 cm−1 nm for Es

1g, Es
2g

and As
1g modes, respectively. The latter value is close to the

values obtained by other works. One can observe that this
linear relationship between inverse tube diameter and the RBM
mode wavenumbers stated for isolated nanotubes was affected
by the presence of neighboring tubes. The evolution of the
BWCNT wavenumber modes Eb

1g and Eb
2g is characterized

by coefficients A and α different from those found in the
case of SWCNTs: A = 163.8 and 490.8 cm−1 nm with
α = 0.78 and 0.92 for Eb

1g and Eb
2g, respectively. The

variation of wavenumber of RBLM and BBLM according
to the diameter of the tube seems characterized by two sets
of parameters: when D < Dc, we obtain values of A =
244.9 and 380.6 cm−1 nm with α = 0.98 and 1.23, whereas,
when D > Dc, these values are close to A = 380.6
and 308.2 cm−1 nm with α = 1.23 and 0.79 for RBLM
and BBLM modes, respectively. The calculated Dc value
is 1.75 ± 0.25 nm. This value is close to that obtained by
Henrard et al [25] within a valence force field (VFF) model.
For small diameters, the tubes are relatively rigid and with the
increase of the diameter they soften so as to become flexible
for larger diameters. As a consequence, the field of intertube
forces is governed by two regimes with a crossover Dc which
can be related to the deformation of the tube surface. With
regard to the Raman intensity, we observe a decrease of the

intensity with the increase in the diameter except for the BBLM
modes. If we consider the variation of the Raman intensity
ratio IBBLM/IRBLM, we observe a growth of this ratio, when
the diameter of the tube increases to reach a value of 1 for a
diameter close to Dc.

3.2. Finite homogeneous BWCNTs

To study the effects of finite size on homogeneous BWCNT
Raman-active modes, we developed calculations of the Raman
spectra of bundles of different numbers of infinite nanotubes.
As mentioned above, in finite-size bundles, the nanotubes were
placed parallel to each other on a finite-size trigonal array to
form concentric shells.

In figure 3, we report the Z Z polarized Raman spectra
for a typical (9, 9) armchair BWCNTs for four numbers
of tubes Nt = 1, 7, 19 and 91 in comparison with the
crystal system. Firstly, we observe that the TLM region is
slightly affected by the increase of Nt. From Nt = 1 to
crystal, the wavenumber of the A1g mode passes from 1585 to
1586 cm−1. Concerning the BLM region, the Z Z spectrum
shows, besides the A1g shift from 183 cm−1 for SWCNTs
to 204 cm−1 for infinite BWCNTs, additional peaks around
the A1g wavenumber mode for given finite values of Nt . For
example, for Nt = 19, two additional peaks are observed at
wavenumbers 195 and 209 cm−1. The more the size of the
beam increases, the more the additional peaks around A1g are
grouped together to form the single peak around 204 cm−1 for
an infinite beam. These behaviors have a simple explanation
by considering the tubes in the bundle as coupled oscillators.
Indeed, the interactions between identical oscillators lead to
vibrational modes of strongly mixed character. In some cases
the BLMs are not uniform radial motions; rather they are
strongly mixed with totally symmetric components of doubly
degenerate tube modes which split into finite BWCNTs due
to the low symmetry of the system. We note the presence of
the BBLM around the wavenumber 300 cm−1 for all values
of Nt > 1. In comparing our calculations that are in
agreement with Henrard’s et al VVF model work [25] for
the dimer (9, 9) (9, 9), we observe two peaks located around
206 and 187 cm−1 assigned to in-phase and out-of-phase
breathing modes, respectively. As predicted by the authors,
and depending on the tube diameter, we show that the bundle
constituted by larger numbers of tubes (19 for example) is still
characterized by modes with mixed character around the out-
of-phase one.

3.3. Inhomogeneous finite bundles of infinite SWCNTs

In section 3.2, we have studied the vibrational structure
of bundles of identical tubes. But the present production
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Figure 3. The calculated Z Z Raman spectra of finite-size (9, 9) BWCNTs as a function of the number of tubes in the bundle: Nt = 1, 7, 19,
91 and crystal from bottom to top.

0 50 100 150 200 250 300 1575 1600 1625

Figure 4. The Z Z calculated Raman spectra of inhomogeneous finite bundles of SWCNTs, formed with two SWCNTs of different diameters:
(9, 9) (n, n), for n = 9, 12, 15, 18 and 21 (from the bottom to top), in BLM (on the left) and TLM (on the right) regions. The stars indicate
the position of the RBM mode of isolated tubes.

techniques could lead to the formation of bundles constituted
by tubes not necessarily with the same diameter or chirality. In
this section we are interested in the effect of inhomogeneous
finite bundles of SWCNTs, formed with infinite tubes of
different diameters and chiralities. To define the positions
of the two-tube (in)homogeneous bundle, if �x , �y and �z are
basis vectors of the first SWCNT reference frame, the position
of the second tube is given by the translation vector �T =
[(D1 + D2)/2 + dt−t]�y, where D1, D2 and dt−t represent the
diameter of tubes and the intertube spacing, respectively.

Firstly, the calculations are performed on finite bundles
of identical infinitely long (L = ∞) SWCNTs of several

diameters. The results of a typical armchair system, formed
with two infinite tubes with different diameters, denoted here
as (9, 9) (n, n), are reported in figure 4 where the Z Z Raman
spectra are displayed in the BLM (on the left) and TLM (on
the right) regions. The behavior of the modes in the TLM
region is the same as in the homogeneous system with two
A1g modes around 1585 cm−1 corresponding to the (9, 9) and
(n, n) SWCNTs. In the BLM region, the Z Z spectra exhibit
additional peaks denoted here as BMn in comparison with the
homogeneous system. From figure 4, we can conclude that the
lower wavenumber pair of the peaks (modes BM3 and BM4)
can be mainly related to a vibration of larger tubes and that
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0 100 200 300 400 500 1560 1580 1600 1620

Figure 5. The Z Z calculated Raman spectra of inhomogeneous finite BWCNTs, formed with two SWCNTs of different chiralities:
(9, 9) (n, m), in BLM (on the left) and TLM (on the right) ranges. Dashed lines indicate the Z Z calculated Raman spectra of corresponding
SWCNTs.

higher wavenumber peaks can be associated to a vibration of
the (9, 9) tube. We noted here that the mode BM1 (around
204 cm−1) found in a (9, 9) homogeneous bundle is observed
in all case. Due to the lower symmetry of the environment, one
can observe a splitting of the RBM mode of the larger tube into
two components (down and upshifts) in particular for (12, 12)
and (18, 18) tubes. This demonstrates that in such cases the
experimental spectra would allow us to identify the individual
components of the bundle even if the modes are split.

Secondly, in order to show the chirality of SWCNT effects
on the bundle, we reported in figure 5 the results of Raman
spectra of inhomogeneous finite bundles of SWCNTs, formed
with two infinite tubes, approximately of the same diameters
and different chiralities: (9, 9), (14, 3) and (16, 0), whose
diameters are 1.237 nm, 1.247 nm and 1.27 nm, respectively. In
the TLM region, the observed modes are close to those found
in the homogeneous system with two A1g active modes around
1585 and 1590 cm−1 corresponding to the (9, 9) and (n, m)
SWCNTs, respectively. In the BLM region, the Z Z spectra
exhibit additional peaks in comparison with the homogeneous
system. Particularly for (9, 9) (16, 0), we observe a strong
splitting of the RBM modes into several modes (downshifts
and upshifts).

One can see that the calculated Raman spectrum of an
inhomogeneous bundle of SWCNTs is not the sum of the
individual tubes’ spectra. The analysis of the chirality and the
diameter inhomogeneity effects could be used to discriminate
experimentally between homogeneous and inhomogeneous
bundles. In particular, the observed splitting in TLM and BLM
regions can be used as a specific signature of inhomogeneous
bundles in the interpretation of experimental data. To
achieve a satisfactory correspondence between theoretical and
experimental work each individual bundle (with nonuniform
diameter and/or chirality) has to be analyzed as a specific

case and more information about the tubes (for example, their
number) in the probed bundles should be given.

4. Conclusion

We have investigated Raman spectra of homogeneous and
inhomogeneous bundles of SWCNTs. The analysis of results
in the light of diameter and chirality dependence performed on
SWCNT samples shows a real appropriateness with our model.
The obtained results for homogeneous infinite bundles are
consistent with previous works [25, 27]. Thanks to the spectral
moment’s method, we have investigated bundles consisting
of more than 100 SWCNTs of several sizes. Finite-size
(length and number of tubes) and inhomogeneity (chirality and
diameters) effects are observed essentially in the BLM regions
with additional/split modes which can be considered in the
analysis of experimental data.
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